Solution to Assignment 3, MMAT5520

by YU, Rongfeng

Exercise 4.1:
3. Soution:
Lyl =y" + 2t~y + ety = 0.

W (y1,y2)(t) = ce™ /271 = 172,
Since W (y1,y2)(1) = 3, ¢ = 3. Therefore, W(y1,y2)(5) = 2%

Exercise 4.2:
1(b).Soution: We set y = ¢t~ !v, then

y/ — t—lv/ . t721),
y// — t_lv” _ 2t_2v/ + 215_311

Thus the equation becomes

2t =2t 4 2t 30) + 4t — %) 42t e = 0,

tv" + 20 =0,
20" + 2ty = 0,
(%) =0,
20 = C,
v = Ct2,
v=Cit !+ Co.

Therefore, y = C1t72 + Cot 1.

Exercise 4.3:
1(b).Soution: Solving the characteristic equation

r+9=0,

r = £31.

Thus the general solution is
y = Cy cos(3t) + Cysin(3t).

1(d).Soution: The characteristic equation

r? —8r+16=0



has a double root r; = r9 = 4. Thus the general solution is

y = Cre' + Oste™.

1(e).Soution: Solving the characteristic equation
r?+4r+13=0,
r=—2%3i.
Thus the general solution is

y = e 2[C} cos(3t) + Cy sin(3t)].

Exercise 4.4:
1(e).Soution: The characteristic equation 72 + 2r + 1 = 0 has a double root —1. So the
complementary function is

Yo = cleft + czte*t.

Since —1 is a double root of the characteristic equation, we let
yp = t(At + B)e_ta
where A and B are constants to be determined. Now

yp = [-At* + (2A — B)t + Ble ",
yy = [At> — (4A — B)t + 2A — 2BJe”".

By comparing coefficients of

Yy + 24 + yp = 2¢77,
{[A#? — (4A — B)t + 2A — 2B] + 2[- At* + (2A — B)t + B] + At> + Bt}e ' = 2¢7",
A=1.

We take B = 0, and a particular solution is
Yp = t%e
Therefore, the general solution is

Y=Yc+Yp= cre "+ cote ™t + t2et.

1(f).Soution: The characteristic equation 72 — 2r + 1 = 0 has a double root 1. So the comple-
mentary function is
Ye = clet + cztet.

Since 1 is a double root of the characteristic equation, we let

yp = A+ t*(Bt + O)e,



where A, B and C are constants to be determined. Now
yp = [Bt* + (3B + O)t* + 2Ct]e’,
yy = [Bt* + (6B + CO)t* + (6B + 4C)t + 2C]e".
By comparing coefficients of
Yy — 2y + yp = te' +4,

{[Bt* + (6B + O)t* + (6B + 4C)t + 2C] — 2[Bt* + (3B + C)t* + 2Ct] + Bt* + Ct*}e " + A = te' + 4,
A=4, 6Bt+2C =t.

We take A =4, B = %, C =0, and a particular solution is
1
=t + 4.
Yp 6 €
Therefore, the general solution is

1
y=%+%=qé+mé+g%+4

1(e).Soution: The characteristic equation 72 + 4 = 0 has roots +2i. So the complementary
function is
Ye = €1 c0S(2t) + ¢ sin(2t).

Let
yp = At? + Bt + C + De',

where A, B,C and D are constants to be determined. Now

Y, = 2At + B + De',
yg = 2A + Dét.

By comparing coefficients of

yg + 4yp = t2 + Bet,
2A + De' + 4(At? + Bt + C + De') = t* 4 3¢,
4At% + 4Bt + 2A + 4C + 5De! = % + 3¢t.

We take A = i, B=0,C= —%, D= %, and a particular solution is

1, 13,
Tyt TRTES
Therefore, the general solution is
. 1, 1 3,
Y =yc+ yp = c1cos(2t) + cpsin(2t) + Zt ~3 + €
2(a).Soution: The characteristic equation 72 + 3r = 0 has roots r = —3,0. So the complemen-

tary function is

Ye = C1 + 6267‘%.



A particular solution takes the form

yp = t(Agt* + Azt + Aogt® + Agt + Ag) + t(Bat® + Byt + Bo)e ' + Cy sin(3t) + Cy cos(3t).

2(b).Soution: The characteristic equation > — 5r + 6 = 0 has roots 7 = 2,3. So the comple-
mentary function is

Yo = c1e? + cae®
A particular solution takes the form

yp = (Aq cos(2t) + Agsin(2t))e! + [(Bit + Bo)sint + (C1t + Cp) cos t]e.

2(c).Soution: The characteristic equation 72 + 1 = 0 has roots r = +i. So the complementary
function is

Yo = c18int + co cost.
A particular solution takes the form

yp = (A1t + Ag) + t(Bit + Bo) sint + t(Cit + Cp) cost.

Exercise 4.5:

1(a).Soution: Solving the corresponding homogeneous equation, we let

Yy = €2t7 Yo = e3t.
We have
e2t o3t o
W(y1,y2)(t) = 962t 303t
So
26t63t
uy = _9r =2
W ot
, gy 2ete? ot
U2 = ——— = = (& .
W ot
Hence

u = 2et+ O,
Uy = —e7 2 + O,

and the general solution is
Y =uiys + ugys = e’ + Cre + Cye’t.

1(b).Soution: Solving the corresponding homogeneous equation, we let

2t —t
e, ya=e .

1



We have

W(yl)yQ)(t) = ‘ 262t _e—t = _36t
So
' gya 2ete™t 2
ul = - == 3
w —3et 3
’ gy 2 te 2
Uy = = = =
2w —3et 3
Hence
2
Uy = —§€ 3t + Cl,
2
U9 = —gt + CQ)
and the general solution is
2 2 —t 2% 2 —t 2t
Yy = ury1 + ugyz = (Ca2 — 9~ gt)e + Cre”t = (C3 — gt)e + Chre*’.

Exercise 4.7:
1(c).Soution: The characteristic equation 74 — 212 +1 = 0 has roots r = +1(double roots). So
the complementary function is

Yo = clet + cze_t + 63tet + C4t6_t.
A particular solution takes the form

yp = t2(Art + Ag)e'.

1(e).Soution: The characteristic equation 74 + 2r? + 1 = 0 has roots r = 4i(double roots). So
the complementary function is

Yo = c1cost + casint + cgt cost + cy4t sint.
A particular solution takes the form

yp = t2(Ast + Ag) cost + t*(Byt + By) sint.



